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Two methods have been developed for the analysis of four types of indefinite self-associations. Unlike previous treat- 
ments by others. the procedures can be applied to nonideal cases. The Iwo methods were first tested with simulated data. 
and it was found that one could indeed distinguish between the four types of indefinite self-associations. For a more realis- 
tic test, sedimentation equilibrium experiments were performed on solutions of p-lactoglobulin A at 16’C in 0.15 ionic 
strength acetate buffer, pH 4.65. The self-association of the &lactogJobulin A was best described by either method as a 
sequential indefinite self-association having two equilibrium constants and one second viriai coefficient. 

1. Introduction 

Self-associations that appear to continue without 
limit, such as 

rrpl + qP2 + NZP3 + hP4 c ___) (1) 

ttPl *@2 +ftpe *jr6 f ..-, W 

and related equihbrla involving an associating solute, 
P, are known as indefmite self-associations [l] _ 
There are many varieties of indefinite self-associations, 
and we can illustrate some of the problems in study- 
ing and andyzing them by ccmsidering four different 

examples, which may be more frequently encountered. 
While it is potentially possible to develop enough equa- 
tions to analyze any kind of self-association, the ex- 
perimental limitations of the instruments (osmometers, 
ultracentrifuges, light scattering photometers) used to 
study self-associations force one to make some simpli- 
fying assumptions. Sometimes the experimental pre- 
cision presently available may make it difficult to 
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distinguish models for the observed self-association 

[2,31. 
Indefinite self-associations have been encountered 

with a variety of different solutions. In aqueous solu- 
tions proteins, such as &lactoglobulin A [41, insulin 
[5 J and bovine lactate dehydrogenase [6], purine 
(71, Nddimethyl-adenine and N-6,9-dimethyladenine 
181, and methylene blue [9] have been found to under- 
go indefiiite self-associations_ With nonaqueous solu- 
tions indefinite self-associations have been reported 
for polyethylene glycol [IO], dodecylammonium 
propionate [ 111, phenol and various alcohols [ 12, 
131, and some amides [ 14]_ 

JSreuzer 11 S] developed some very elegant methods 
for analyzing a monomer-n-mer association and a 
sequential, indefinite self-association having all molar 
association constants equal (also known as a Type I 
indefinite or an isodesmic self-association). His 
methods were restricted to ideal, dilute solutions or 
ideal gas phase self-associations; he showed how one 
could evaluate both the number fraction and th2 
weight fraction of monomer from the experimental 
data. Hoffmann [ 121 and also Coggeshall and Saier 
1131 found that their association data could not be 
analyzed as a Type I indefinite self-association_ In- 
stead they were forced to assume that Kt2, the asso- 
ciation constant for the dimerization, was different 
from the other association constants; the other associa- 
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tion constants (KZ3, K%. etc.) were assumed to be 
equal, i.e., KIZ < K,j = Kj4 = _._ = K. An indefinite 
self-association of tl& type will be referred to as an 
Type III indefinite association. An indefinite self- 
association involving monomer, dimer, hexamer and 
aggregates that are integral multiples of hexamer 
seemed to describe the self-association of insulin in 
aqueous solution near neutral pH [S]. 

it appears at present that methods for anaIyzing 
nonideal, indefinite self-associations have been re- 
stricted to Type I indefinite self-associations. Using 
four different types of indefinite self-associations, we 
will show how these four nonideal self-associations 
cari be analyzed_ For each type we will show two dif- 
ferent methods of analysis. Our procedures w-i11 be 
tested with real and simulated examples. Using data 
obtained from sedimentation equilibrium experiments 
at 16OC on a P-lactoglobulin A sample dissolved in 
an acetate buffer of ionic strength 0.15, we will 
show that the same type of association is present when 
either method is used. Also both methods give good 
agreement for the values of the association constants 
and second virial coefficients. 

2. Quantities needed for the analysis 

It will be assumed that the solution containing the 
associating solute has been dialyzed against the solvent 
solution containing the supporting electrolyte and/or 
buffers, so that the associating species can be defined 
by the Vrij-Qverbeek [16,17] or Casassa-Eiienberg 
[ 1 S] conventions. Thus the equilibrium constant or 
constants, Kit the second virial coefficient, BMl, 

and other physical properties refer to associating 
species defined according to these conventions. 

We make tile usual assumptions [ 1,4,19 1 regarding 

the self-associating species: I) The partial specific 
volumes, & or the density increments, lOOO@p/ac),, 
are equal. 2) The refractive index increments, 
(wwzp, in liters per gram are equal. 3) The natural 
logarithm of the activity coefficieut, yi, on the gram 
per liter concentration scale, c, can be represented by 

In yi = iBMlc, i=l,2,.... (3) 

Here B&f1 is known as the second viriai coefficient. 
For an ideal, diiute solution BML = 0. The validity of 
eq. (3) has recently been examined by Ogston and 

Winzor [2tI]. They found that eq. (3) gives “a reliable 
estimate of the thermodynamic equilibrium constant 

over the ranges of stoichiometry and solute con- 
centration that are likely to be encountered in prac- 
tice”. This was true even with uncharged spheres, the 
most unfavorable case theoretically from the point 
of view of the approximation. 

In sedimentation equilibrium experiments, the 
apparent weight average molecular weight, M_, is 
given by 

1 dlnc M WC ----_ 

A d(r2) 1 f B$,,c 
= Acr,, (4) 

where 

A = (I - @)J/zRT. (5) 

The quantities making up A have their usual meaning: 
iiis the partial specific volume of the associating 
solute, p is the solution density, or: = 2n(rpm)/60 is 
the anguIar velocity of the rotor, R is the gas constant, 
and Tis the absolute temperature. Tn eq. (4) c is the 
concentration in g/l of the associating solute at any 
radial position, T, in the solution column of the ultra- 
centrifuge cell (r, G r < $. M,a is related to the 
true weigbt average molecular weight, Mwc, by the 
relation 

MI/M,, = Ml/M,, i- BM lc- ((3 

Here M, is the monomer molecular weight. Note that 
M,v, is the same as M,, the weight average moIecular 
weight at any radial position r in the solution column 
of the ultracentrifuge cell. For self-associations M, 
and also M,, are functions of c [ 1 J,4,19,2 1,221, So 

that the symbol Mwc is used to indicate this. In order 
to analyze self-associations it is necessary to do exper- 
iments at several different initial concentrations, CO, 
calculate M_ at various values of c (c = c,), and piece 

them together so that one can make a plot of M,, 
versus c or a plot of Ml/M,, versus c as slown in fig. 1. 
Experiments are carried out to as low a value of co 
as possible, and the plot of M_ versus c is extra- 
polated to M, at c = 0. From the smooth curve drawn 
or fitted through the M_ versus c data, a plot of 
Ml/M_ versus c (see fig. I) is constructed and used 
for the evaluation of hfl/Mna, since [ 1,19,22] 
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Here M,,, is the number average molecular weight, 
and M,, is its apparent value. When BMl = 0, 

Mlla = M,,= and IV, = Mwc. 
It is also possib!e to evaluate In f3, the natural 

logarithm of the apparent weight fraction of mono- 
mer [1,19,22] since 

Inf,= i(-$-- I)$=lnfi +Bbflc. (8) 
0 

Here fl = cl/c is the weight fraction of monomer. In 
order to use eq. (8) it is necessary to make a plot of 
@f#l,_ - 1)/c versus c and extrapolate this plot to 
its limiting value at c = 0. One notes that 

lii(Z - ;),c =( ~~~~B~~~m~~~~~tPresent 

With some self-associations there are problems arising 
in the vicinity of c = 0 with the plot required for 
eq. (8). First of all, neither -Kz f BM, nor B&f, are 
known a priori. With a large K2 the plot becomes quite 
steep in the vicinity of c = 0, and the extrapoIation 
becomes very difficult to do. Secondly, with a 
monomer-dimer-trirner association having K3 & Ka, 
the plot (hfl/fifwa - 1)/c will go through a minimum 
before reaching the intercept [23]_ Thirdly, if no 
dimer is present and Bbf, > 0, then this plot wit1 go 
through a maximum near c = 0. In the fourth place, 
the greatest contribution to the area under the curve 

usually comes from the region of lowest concentra- 
tion, where the experimental error is greatest and 
where there are very few reliable data points to guide 
the extrapolation of (&f,/Mm - 1)/c versus c. These 
problems can be overcome by using the quantity 
In(.fJf,~), which is defined by [ 1 I ,241 

ln(f,/f,,) = j (fi? - 1) $ 
c* wa 

=lnV,/f~+) *5Ml(c -4 . (9) 
Here c* is the lowest concentration used; its choice is 
somewhat arbitrary. 

Eqs. (6) and (7) can be combined so that BJf, is 
eliminated; thus [ 1 .11.22,24-27 J _ 

We will show how eqs. (9) or (I 0) can be used for the 
analysis of four types of indefinite seIf-associations. 

3. Analysis of indefinite self-associations 

Indefinite self-associations are associations de- 
scribed by eqs. (1) and (2) or by related self-associa- 
tions. These associations can be considered to be 
made up of a series of simultaneous equilibria [ 1,7, 
10,22] : 

P, c P, =P, (11) 

P, +P, “P, 
. I - . . . I . < 

qn- 1) + Pl = PI, 

Whenever eq. (3) is valid, the following relations ob- 
tain between the molar concentrations or the asso- 
ciating species: 

K12= rp$[p# or &I =&P,13 

K23 = IP31 /Ipi I CP21 

or &I =K23lPtl [P21 =&2K231P113 

K(n-l),z = IpJIIp(,-l,I Pll 

or P,tl =&+l),rP~ I P(,,-1)1 

= K&,3 _.- &-I),1 Pi I 
n 

- (‘2) 

Here we shall show how four types of indefinite self- 
association can be analyzed. 

3.1. Kvpe I indefirzite seif-osvciatio~z 

This type ofindefinite self-association is aIso 
known as a random, open or isodesmic self-associa- 
tions. For this association it is assumed that all molar 

association constants are equal, i-e., K12 = K23 = ..- 
= K It has been shown that when eq. (3) applies, 
C (in g/ml) becomes [ 1.4.7,11,19,22]. 

C= C, i- 2kC; f 3k2G + 4k3Cf f _.. 

=C,/(1 -kC,)2, ifkC1 < 1. (13) 

Here k, the intrinsic equilibrium constant, is defined 

by 
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k = looOK/M~ _ 

Furthermore, when kc, < 1, one obtains 

(14) 

Note that rins,C= BMIc. Since c = 1OOOC. iilri, = 
1000 Bfif t _ The quantity .$! (see eq. IO) becomes [ I,1 1, 
22,24-271 

(17) 

and 

\qI =(l/4){($+3)-&+3)2 - 16Sj). (18) 

From eq. (13) one notes that 

fr = C&=(1 -kc,)? <=l -kCI=l -kCfI 

and 

1 -$=kCfi. or (1 -fi)/f, = kc. (19a,b) 

With the aid of eq_ (18) one obtains 4; then eqs. 
(I 9a or 19b) are used to evaluate k. A plot of 
(1 - fiJ/.l versus C’will have a slope of k. If the 
model is correct, then this plot should be a straight 
line going through or close to the origin. Experimental 
error may cause the plot not to go through the origin. 
Once fi is known, then &ft can be obtained from 
e-q. (15). It is also possible to use eq. (9) to obtain 
BM, . since 

and 

2(Mr,‘M, - %f, c3 

= 1 + Ml/M,va - &I, C- 

Here one sets up an array of ln(JJ&) vaIues at 

(2Ob) 

various values of c and find the best value of&t 
using a previously described_ method (11). The first 
step is to choose values of BMl that one feels will in- 
clude anticipated values; then we look for changes 
in the sign of the function 

‘i = [In&/&+)OBSVD - h%&/f,*)CAI& ti 

The values of iM, giving sign changes in ef are 
examined in more detail-For each chaise of &ZI, the 
values offi, are calculated according to eq. (2Ob). 
Each set offtk is used to generate? k value from eqs- 
(19a or 19b). The values of k and BM, from each set 
off, ‘S are used to generate vaiues of (MI/J%&,~)cALcD 
as a function of E. Sometimes false solutions are en- 
countered (negative k values or negative MI/&fw, 
vaIues)_ These are discarded. Then we check the re- .T 
m&&g set of k and BM, values to see which s&t 
gives the best tit_ Our criterion for a best fit is that 
~(~i)2 is a minimum; here 

$= [(Ml I%&ALCD -@f~/~fw&3,,,~~- t21) 

Similar procedures are used with the appropriate 
equation for h(j‘IJf~+) in the analys_is of other types 
of indefinite self-associations. One BM, is known,fi 
is also known, and the other available relations can 
be used to evaluate the equilibrium constant or con- 
stants. 

3.2. Type II indefinite selfuwociatioll 

This association is described by eq. (2); note that 
all odd species beyond monomer are absent. The series 
of simultaneous equilibria describing this association 
are 

PI +P1 --,Pz tq = K12 PI I 2 

Pz fP2 -LP4 &I =K24lp~l~=Ktt~~~4[Ptl 4 

P* f P4 + Pg 

[P61 = K46[p21[p41 =&,3&&jiP,16- 

When all molar associa-:ion constants are equal 
(Klz =K24 = Kq6 = . . . J K), then the total solute con- 
centration, C(in g/ml), becomes [I .l 11 

C= C, + 2kC; -I- 4k3t$ f 6k5e + .__ 

2kCI 

(1 - k2C:)2 
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if X~kCl<l, k = IOOOK/M, * 

This equation for E becomes 

2MI Ml 

E=ni,-M-= W;1 

= 2[1 +x(1 --x2,1 _ 1 -I- 2x/(1 - xq2 
- 1 f 2x/(1 -x2)2 1 + 4x( 1 -I- x2)/( 1 - x2)3 

(23) 

Note that .$ is a function of one unknown, x = kc,. 
Remembering that 0 < kc1 < I, we can obtain vatues 
of kCz = x for each &! by sucuzssive approximations. 
These values of kc1 can be inserted into eq. (22) to 
obtain Cr or fI, and one can use C, (or fl) to obtain 
k,since 

x=kq=Pq~. (24) 

Thus a plot of x versus Cl or x/C versusfi should 
give a straight line going through or close to the origin 
if a type JI association is present; the slope of either 
plot is k. Values of &Ml can be obtained from a 
modification of eq. (6), since 

Mi 1 f 2x/(1 - x2)2 _- 
%a 1+4x(1 +x2)/(1 -x2)3 

=gMIC (25) 

When eq. (9) for InUJf,+) is used, one notes that f, 
is given by 

34 Mwc 
2f1= TfM-2 

llC 1 

Here 

(27) 

(28) 

Mwcfni 1 = (Ml/M,, ) - ’ - (29) 

The equations for fi and fi+ are given by eq. (26), 
evaluated at C and CL, respectively. Th_ese equations 
are used in eq. (9), and one solves for B&Z1 by the 
method described previously with the Type I in- 

definite self-association. OncefI and f&Cl are known, 
then it is a simple matter to obtain k. hfw, and M,,. 
The derivation of eq. (26) is shown in Appendix A. 

3.3. Type III indefinite self-association 

This is a variant of the type’ I indefinite self-asso- 
ciation. Here it is assumed [see eqs. (12)] that 

Kl2 # K23, K2_+ etc., but it is assumed that 

K23 = K,, = . . . = K. The total concentration (in 
g/ml) of the associating solute becomes [ 1,261. 

C= C, +- 2k,,C; f 3k,?kC; f 4k12k2e f . . . 

= c, [ 1 + k, 2C,(2 f 3kC, f 4k’c: f ___)] 

=C,[l +k12C1C(2-kC*)l(1 -kC#11 

=C1[1 Ty{(2-x)/(1 -x)2Il. if kC, < 1. 

(30) 

Here 

kL2 = 1000K12/MI and y=k12C1 (31) 

k = 1000K/Ml and X’kC1 (332) 

The pertinent equation for .$ becomes 1261 

$= 2+2Ly/U --XII 1 ty[(2 -x)/(1 -x)2] 

1 +y(2 -x)/(1 -x)2 -1 iy[(4--3x+x’)/(l -x)3] 

(33) 

Note that this is an equation in two unknowns,y = 
K12Cl and x = kc,. Nonetheless, it can be used in an 
iterative method to obtain k12 and k_ This is basically 
how the iterative method works 1261. First estimate a 
value-of k12_ Multiply eq. (30) by k,, to obtain 

k,,C=kt2C,[I +y(2 -x)/(1 -x)~] 

= y fyZ(2 - x)/(1 - xjz. (34) 

This can be rearranged to give a quadratic equation in 

y, namely, 

y2 tY (1 -XI2 _ kl’C(l -42 _ () 

(2 -XI - (2- - (33) 

Solve eq. (35) fory, noting that the proper root to 
use is the one containing the positive square root of 
the discriminant. This root, g(x), is inserted into eq_ 
(33) for & Thus 
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E=2r(’ -xj* +I1 -awl 
(I -x)2+.(2-x)&f(x) 

A1 - x)3 f (2 -x)( 1 - x)g(-r) 

(I - x)3 + (4 - 3x + x2)g&) 
(36) 

Now solve for x using a bisection technique; remem- 
ber that 0 <x < 1. If at this point the values of x re- 
quired to solve eq. (36) exceed 1, chooose another 
value of k12 (say one half of the original estimate) 
and repeat the process. When apparent solutions of 
eq. (36) are found for which 0 <x < 1, then calculate 
.&, where 

M=E OBSVD - &X.CD- 

Pick the value ofx which gives 

l&l < 1 x 10-e. 

(37) 

This is near the limit of single precision accuracy on 
our computer. Repeat this process at various other 
choices of C Once x is known at each C, then y is also 
known, since it is the root. g(x), of eq. (36). Since 
k,, is known now, then k can be readily obtained 
from the following relations: 

fl =c,/c= 
1 

1 fY(2 - x)/(1 - x)2 
(38) 

and 

k = x/c, = X/Cfl* 09) 

These procedures give pointwise values of k,a and k 
As a final test one can check these values for con- 
sistency over the range of Cthat was used. In addition 
one can regenerate values of MI/M,, and compare it 
with the observed values of Mt/J&a. The best choice 
for Jr,, and k will be the one that gives 

F(c~$~ = Minimum, 

where 6, is defined by eq. (21). 
The other method, invoking one unknown, is to 

use eq, (9). For the Type III indefinite self-association 

An outline of the derivation of eq. (40) is given in 
Appendix EL Note that the quantities (M~/IT&,), 

(M,/M,V,_) and (M&MI) are defined by eqs. (27)- 
(29), respectively. The values off1 andfle are cal- 
culated from eq. @) and inserted into eq. (9), and 
the evaluation of BM, is done by the methods de- 
scribed for the Type I indefinite self-association. 

3.4. Type f Y’ indefinite self~ssociation 

ibis association is a variant of the Type II indefinite 
self-association. Here Kl2 + K24. K26, etc., but 
K*++ = Kzfj = .-_ K. The appropriate equations for C 
and 4 are [ 1,261 

C-C, f 2k,,C; + 4k,, 2kc f 6kIz3k2Cf + .__ 

=q 1+ L =12c1 I L =c, I+ =-I 2c1 

(1 - k,&)2 1 (1 - k%f$)2 * 
(41) 

Eqs. (41) and (42) are valid only if kI+‘, < I and 
kC1 < 1. One can also write eq. (42) with k? replacing 
the product kkIz. Note that eq. (42) has two unknowns, 
x = k,,C, andy = kC1. We can solve for k,, and k 
using an iterative method similar to that used with a 
Type III indefinite self-association. Alternatively, one 
can use eq. (9) for In(fa/&), noting that eqs. (27)-- 
(29) apply and that 2fi is also de_fined by eq_ (26), 
and one would solve for fi and &If1 as described pre- 
viously. Some details about why eq, (26) is also valid 
here and how one would distinguish between the 
Types II and N indefinite self-associations are given 
in Appendix C. 

4. Tests with a simulated example 

Having shown how one might analyze the four 
types of indefinite self-associations. the next step was 
to test our methods with a simulated example. Here we 



Fig. 1. Simulaled example. Plot of Mt/fif,m versus C for a 
Type IV indefinite self-asso_ciation having kl2 = 709 mtk, 

k = 1.159 x to3 ml/g and B&f1 = 6.5 ml/g. 

Fig. 3. Simulated example. Test for a Type II indefinite seW 
association [see eqs. (23) and (24)j. Plot based on eq. (24) 
using Method I (0); The failure of this plot to give s straight 
line going through or CtOSe to the origin argues a@nsr 3 Type 
11 $ssociarion being present. Plot based on eq_ (24) u_si~~g Me- 
thod It (o).‘Even thou& this Plot gave the desired sti&&f line. 
the regenerated plot of M&fm versus C woutd not describe 
the originat data.Thisisreflectedin thev-slueof ~i<~i)~ in table 1. 

Fig. 2. Simulated eaa&plc~ Test for o Type I indefinite self- 
rssociation [see eqs. (18) and (19b)]. The failure of this plot 
to give a straight line going throu& or close to the origin 
rules out a Type I self-associalion. 

used a Type IV indefinite self-association having the 
following parameters: k t 2 =709ml/g,k= 1.159X lo3 
ml/g and BM, = 6.5 ml/g_ Fig. 1 shows a plot of 
ni,/lcr, versus C for this example. For the nonideal 
association there is a broad minimum in the plot of 
M, f&, versu_s Cover the concentration range dis- 
played, since B&f t is small. The values of 1l-I 1/JtfLVa at 
various values of C were used to calculate the cor- 
responding values of &fI/Mn, and ln(f,/f,*) [see eqs. 
(7) and (9)1_ The question to be answered is: Can one 
really distinguish between the various types of in- 
definite self-associations? Our results with this 
simulated example and the real example that follows 
indicate that it may be possible to distinguish between 
the four kinds of indefinite self-associations. The re- 
sults or our tests with the simulated example are 
shown in tabIe I _ The first part of this table is 
labelled Method 1. Here are displayed the results of 
the analysis based on the quantity g [see eqs. (IT), 
(23), (33) and (36)] that are appropriate for each of 

the four types of indefinite self-associations. It is 
evident from this table that the Type IV indefinite self- 
association is the best choice. Types I and II can be 
eliminated by inspection of the plots shown in figs. 2 

and 3. If either tnodel were correct, then one of the 
plots shosvn in figs. 2 or 3 would give a strai&t line 
going through or close to the origin. The curvature in 
these plots impeach these models. The Type 111 in- 
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# -\, I~--------- - -. . . _- ----___ -------______________ 
Fig. 4. Simulated example 6th random error. Here it ~3s M- 
sumed that the maximum error in Mt/M,,,, for the association 
shown in iig- 1 was 23%. This error was input randomly. and 
the noisy data was smoothed using B-splines. A Type IV in- 
definite self-association having kt2 = 0.709 l/g, k = 1.196 l/g 
and BMt = 0.0067 I/g seemed tp give a very good description 
of the data; the regenerated Ml/&f= versus c curve using 
these values is shown by the solid curve. No other type of 
indefinite self-association seemed to describe the data. The 
dashed line plot in fig. 4 shows the regenerated curve of 
Ml /&la “ersus c for the spurious Type II S&f-association 
having k = 0.710 I/g and &WI = 0.0065 i/g (see table 1. 
Method II). It is evident from this plot that a Type II associa- 
tion does not describe the data. However, if the analysis was 
based on data cot&ted at very low concentrations (4 g/l and 
lower). it would be virtually impossible to distinguish between 
the Type 11 and the Type IV indefinite self-association. 

definite self-association gives a much poorer fit to the 
data, as jud$ed by the values of E1{~i)2, than does a 
Type IV association. The quantity Si is defined by eq. 

(21). 
The second half of table 1, labelled Method II, lists 

the results obtained from the use of In(fa/f,~) at 
various values of C, the appropriate equations forft 
for the four types of indefinite self-associations are 
given by eqs- (2Ob), (261, (38) and (26). It is evident 
from the second part of table 1 that the Type IV in- 
definite self-association is the best choice, since it has 
the lowest value of X:1(si)2_ It should be noted that the 
choice of C, or J, can influence the goodness of fit 
shown in the table; best results were obtained with a 
value of C, as low as possible for the simulated example. 

With regard to the plots shown in fig- 3, it should 
be noted that we rejected a Type IL indefinite self- 
association for several reasons. Fit, the analysis based 
on Method I failed to give a straight line as required by 

the theory; this is evident from the half-filled circle 
plot_ Second, although the analysis based on Method 
II indicated the possibility of a Type II indefinite self- 
association being present (see the open circle pfot in 
fig. 3), a regenerated curve of MI&, versus C (using 
the K and &f, from part B of table 1 for a Type II 
association) gave very poor fit with the true curve as 
judged by the values of C(6;)’ recorded in the next to 
the last column in part B of Table I_ The best value 
of Z(&J’ for Method I or Method 11 was obtained with 
a Type IV indefinite self-association. Third, if a 
Type II model were correct, then the plots in fig. 3 
based on Methods I and II should be consistent; they 
aren’t. Finally, the most critical test is how does the 
regenerated XI1 /Icr,, versus Ccurve agree with the 

original nfl/hl,, versus Ccurve. To illustrate this, 
we have included in fig. 4 the regenerated curve of 

MlIMwa versus C(the dashed curve) for this spurious 
(Type II) solution, and it is evident that it is a poor 
choice- The regenerated plot of Ml/M,,,, versus C for 
the T_ype IV indefinite self-association, using the k 

and BAf, in part A of table 1, gave a plot indistinguish- 
able from the one shown in fig. 1. 

The simulated example was also analyzed by intro- 
ducing random error; this would give an insight into 
problems that might arise with the analysis of real 
data. The maximum possible error in any Ml/M,va 
values was chosen to be 23%; however, the error was 
input randomly- These noisy data were subsequently 
smoothed using a B-spline smoothing procedure de- 
veloped by Snodgrass and Smith (personal communi- 
cation) of the Texas A&h+1 University Department of 
Mathematics. An analysis of the smoothed data was 
done for the four types of indefinite self-associations 
using Method I only. Again, only the Type IV in- 
definite self-association gave the best description of 
the data as judged by the values of Z(6;)’ and from 
regeneration of the M, /IW~,~ versus C tune- Fig- 4 
shows the plot of the noisy M1 fM,va versus C data. 
The solid curve through these data were obtained 
from a Type IV association having kl, = 709 ml/g, 
k= 1.173 X lo3 ml/g and EM, = 7.18 X 10m3 ml/g- 
The true values were klZ = 709 ml/g, k = 1.159 X lo3 
ml/g and &ll = 6.50 X low3 ml/g_ The values of 
x(6 j)2 obtained for all four indefinite self-associations 
for noisy, simulated data are listed in table 2. It is 
evident from this table, as well as from fig. 4, that a 
Type IV indefinite self-association describes the plot of 
MJM,, versus C best. 
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S- Results with @&ctoglobnlin A in acetate buffer 

The critical test of our method for analyzing in- 
definite self-associations is how well it works with a 
reaI case; here we show some results with the self- 
association of Plactoglobulin A in an acetate buffer. 
The @-lactoglobulin A used in this study was gracious- 
ly furnished to us by Dr. Edwin J. Kalan and Dr. J.J. 
Basch of the Eastern Utilization Research and De- 
velopment Division of the US_ Department of Agri- 
culture_ For this study the buffer solution consisted 
of 0.1 M sodium acetate, 0. I hi acetic acid and 0.05 M 
Kc1; at 23OC it had a pH of 4.65 and an ionic strength 
of 0.15. The protein solution was prepared and dialyzed 
in the same manner as described previously [4,27]_ 
Protein concentrations were determined at 20°C on 
a Brice-Phoenix differential refractometer using the 
green line of mercury (X = 546 nm). The refractive 
index increment was assumed to be 1.82 X 10e3 dl/g 
[4,27,2&l _ At 20°C the initial concentration, Jo, in 
12 mm fringes is related to co in g/d1 by 

J, = @fi~&r/&),~,-, = 40+ (43) 

The Jo at 20°C was corrected to that at 16°C by 
previously used methods [4,27]. At 20OC the 
partial specific volume, J, of the &lactaglobulin A 
was assumed to be 17= 0.751 ml/g; the value of 6 
at 16°C was estimated by the methods of Bull and 
Breese [29]. At 16OC the density of the buffer was 
pO = 1.0060 g/ml. Sedimentation equilibrium ex- 
periments were carried out in a Beckman/Spinco 
Model E analytical Ultracentrifuge at 16OC; the speeds 
used were 9000 and 11000 RPM. Sedimentation 
equilibrium experiments were performed using a 12 
mm multichannel, equilibrium centerpiece; we used 
the same experimental procedures and precautions 
described previously 14,271. 

Six different solutions, ranging from J,, = 4.04 to 
37-69 fringes (12 mm centerpieces), were used in 
these experiments. Values of l\f= were calculated 
according to eq. (4). We used a value of Ml = I8 422 
daltons, which was based on the amino acid sequence 
*analysis of Frank and Braunitzer [30]- Two methods 
were used to put smooth curves through plots of the 

W%Ja versus J data: fig. Sa shows a smoothed 
curve obtained using ship curves. whereas fig. Sb 
shows the curve obtained with B-splmes [ 111. The 
dashed line in each plot indicates the extrapolation to 

Fig. 5. p-J_actoglobulin A. E’lot of Lll/Mwa vcrsusJ for p- 
lactoglobulin A at 16OC in 0.15 ionic strength acetate buffer. 
pH 4.65 (A). The raw data and a ship’s curve smoothed plot 
through the data are displayed here. (B). The raw da.ta with 
a ES-spline smoothed plot through the raw data are displayed 
here: the arrows indicate the location of the splines or knots. 
Note that both methods give essentially the same result. The 
different symbols represent the vatues of M,.,,a versus/en- 
countered with solutions of different initial concentrations. 

*fllM, = i at J = 0. Note that both methods give es- 
sentially the same result. 

Values of Ml/& and ln(f,/f,+) were calculated 
by means of eqs. (6) and (9), respectively, The enper- 
imental values of fifwa ranged from 27.9 X lo3 
daltons at sv = 4- 2.49 fringes to 71g5 X 10 daltons at 
/ = 57.98 fringes. Examination of tig. 5 indicates that 
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c (DII) 
10 

Fig. 6. fl-Lactoglobulin A. Test for 2 Type I tidefinite self- 
associations (see eqs. 18 and 19b); the curvature in this plot 
based on eq. (19b) rules out a Type I association when 
hfethod I<-) was used. When Method II fo) was used. the 
plot based on eq. (19b) gave the desired straight line; however, 
the regenerated values of HI /fifwversus J would not describe 
the original data. This is refIected in the value of X&)* in 
tzble 3. 

the lowest value of&i,/&& = 0.2594 at J = 58 fringes 
and that the trend of the plot of Ml/M, versus J sug- 
gested that still lower values of Ml/M_ might be en- 
countered at higher concentrations. Thus monomer- 

n-mer associations with n < 5 were not considered; 
tests with other monomer-n-mer association from 
n = 5 to n = 8 using methods based on g = (2M,/lcI,,) 
- (Ml/M,) indicated that none of these models gave 
a description of the observed SeEassociation. We also 

considered various 1, m, II type associations (1,2,4; 
1,2,6 and 1,2,8), and none of these seemed to give a 
good description of the observed self-association. Here 
our analysis was based on the quantity ln( fa/&)_ We 
were unable to fmd a solution for the X,2,4 association. 

A 1,2,6 self-association could be rejected for the 

following reasons: 1) If Bi%fl < 0, then some of the 

Fig- 7. P-Lxtoglobulin A. Test for a Type III indefinite sclf- 
a.wxiation [see eqs. (23) and (2431; the curvature in these 
plots (0 hfethod I; o hfethcd II) based on eq. (24) rules out 
a Type II association. 

values of Kq became negative, which is physically un- 
real. 2) if B&f1 > 0, then a plot based on (C- Cl)/e = 
K, f K& gave very poor correlation (0.4 to 0.65 
correIation coefficient) with a straight line, or else nega- 
tive values of fi were encountered, which is impossible 
since 0 < fi < 1_ Similar results were obtained with a 
I ,2,8 association. 

Since previous studies by Adams and Lewis [4] 
had indicated the presence of a Type L indefinite self- 
association, this model was considered next. Values of 
E were calculated and used for evaluation offi as de- 
scribed earlier (see section 3-l). A plot of (1 - fi)/fl 
versus C shown in fig. 6 gave pronounced curvature 
instead of a straight line going through or close to the 
origin, as required by the theory. ‘Thus this model wan 
ruled out by the plot shown in fig. 6. Other tests using 
the appropriate form of in(f&*) supported this ob- 
servation. The results of these tests and tests for other 
indefmite self-associations are displayed in table 3. If 



one assumed a Type II indefinite self-association were 
present, then vaJues of x = kc, and Cl could be caJ- 
culated as described earlier (see section 3.2.). Fig.. 7 
shows a pIoF of x versus C, ; the curvature in this plot 
rules aut the presence of a Type If association. Tests 
with a Type Ilf and a Type fV indefinite self-associa- 
tion indicated that the Type III association was the 
better choice, since the value of C~~~i)* listed in the 
first part of table 3 is lower for the Type III association. 
Tbe results of test.5 with the appropriate forms of 
ht~&./&) are listed in the second part Of fable 3, and 
it is evident from the vaIues Of Zi(S$ that a Type III 
association was the best model to describe the observed 
seff-association. 

6. DiscUsSion 

We have shawn with real and simulated exampJes 
how one might analyze four types of indefinite self- 
associasions. The results we Obtained art? very encour- 
aging; however, there stiii may he situations in which 
it may be impossible to distinguish between two self- 
associations_ This may be due to the fact that: onIy a 
very limited range of concentration was studied, im- 
precision of the data or a combination of both factors. 
En some cases scarcity of material may be a limiting 
factor in what coticentration range may be studied. 
Attempts to analyze any SeEassociation from One or 
two solutions of different initial concentrations, or 
from one ur two loadings in a high speed equ~ib~um 
experiments shouJd be avoided. Nonbide& non-associa- 
ting heterogeneous solutes could give plots Of M,, 
versus J that resemble a self-association 13 13, and at 
low c~ncentrario~s two or more modeIs may show 
almost identicaJ variation of M, with c orf (here one 
can encounter i&conditioned equatians). The treat- 
ment presented here can deai with non-ideal self- 
associations, whereas early treatments of Type 1 and 
III indefinite seff-ilssczciations have been restricted 
to ideal dilute solutions f13-15,321. For the ideal 
case @fl = 0) our anaJysis is consistent with earlier 
methods. For example, our eq- (29a) can be shown to 
be formaJJy identical to Kreuzer’s fJ 51 eq. (23a), and 
our eq. (19b) is identical to Coggeshall and S;rier’s [13] 
=q- 11). 

Heyn and Bretz 133 J have referred to Type 1 in- 
d&jr& self-associations as noncooperative self- 

associations and to Type Iif indefite self-associations 
as cooperative. These designations coufd also be appiied 
to Types fl (noncooperative) and Types N (cooperative) 
‘Linus any indetinite self-association involving two 
equilibrium constanti could be referred to as a co- 
operative association. The zzeed for two equilibrium 
constants may imply chat the bonding between the 
monomers in the formation of dimers is different 
from the subsequent bondi7g for the higher aggregates. 
it should aJso he reaEzed that these indefmite self- 
associations are simple matitematicaJ models that 
may describe a more compficated real situation, 
especially for linear associations. For example, 
Tubolsky and Teach; [32! reanaIyzed the data of 
White artd Kilpatrick [34] r‘or the seIf-association of 
2-n-butyibenzirnidazole and benzotriazolo in benzene. 
They showed that two equilibrium constants, i.e., 
a Type Iii indefinite self-association, gave rt I .2% 
average deviation From the experimental data, whereas 
White and KiJpatrick [34] had to invoke eight equiJib- 
r&m constants to achieve the same precision. 

&fuller f351 has invoked a Type 11 indefmite self- 
association to describe the micellization of iotic stfr- 
factants in nonaqueous solvents. From calculations of 
electrostatic potent& he concludes that Odd species 
beyond monomer are less stabfe than the even species; 
thus two moJecules Of an odd species (trimer, penta- 
mer, etc.) wouJd disproportiOnate to form one mole- 
cufe of a higher a=regate and one molecule of a 
lower aggregate. For example, the trimer would dis- 
propo~o~ate as follows: ZPS 3 Pt f P4. The etectro- 
static porential energy of the dimer pius tetrarner is 
lower than the electrostatic potential of two trimers, 
hence the disproportionation. It should be noted, 
however, that Lo et al. {I 1 j found that the seif-asso- 
eiation of the surfactant, d-xSq&rnmonium propion- 

ate, was best described as a Type f indefinite serf, 
association. Nonetheless, M&es’s [35] treatment 
offers one explanation of how a Type 11 seff-associa- 
tion could arise. 

A Type N self-association couId be caused by having 
a very strong association constant for dimer, so that at 
real concentrations more dimer than monomer would 
be present, and the subsequent seIf-association would 
invoIve dimers. Alternatively, one can still have a 
strong dime&&ion constant, but there may be ener- 
getic or steric reasons making the trimer and other higher 
odd species ~favorab~e_ 
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Fig. 8. &Lactoglobulii A. Comparison plots of&I t/M,, 
versus J for ~Iacto&ob~in A at ICC and pH 4.65 in two 
difiesent acetate buffea. (A). 0.1 bl acetic acid. 0.1 ht 
sodium acetate, I = CLLO; this plot is based on the dais of 
Adams and Lewis [4]. (B). 0.1 XI acetic acid. 0.1 M sodium 
acetate. 0.05 XI KC& I = O-15; the plot is taken from lhis work. 
Plot A shows a comparison between the smoothed data WUd 
line) and $e data regenerated (dashed lhxe) using k = 434 
ml/g and EM I= 1.6 ml/g. The dashed line is based on a re- 
anaIysis of their data using the quantity E. Plot B shows how 
well the Type III indefmite selelt-association (dashed_line), with 
6~x2 = 8.13 X 10% ml/g, k = 0.280 X 10” ml/g and B&f1 = 
-3.59 ml/g fits the expetimental data. 

The results reported here with the fl-lactoglobulin 
A @A) in the 0.15 ionic strength acetate buffer were 
best interpreted as a Type. 111 sequential indefinite 

self-association. Earlier studies at the same pH and 
temperature by Adams and Lewis 14) with PA in an 
acetate buffer of 0.1 ionic strength had indicated that 
the self-association was best characterized as a Type ! 
sequential indefinite self-association. At that time 
Adams and Lewis used a different method for the 
analysis 14,191 than the one suggested here, but 
subsequent reanalysis of the Adams and Lewis data, 
using the quantity 4 and the procedures suggested here, 
have shown the Type I indefinite self-association to 
be an exceIIent model [ 1,251. Fig. 8 also SLOWS a com- 
parative plot of Ml/&_ versus Jdata for the two 
studies. The difference in solution behavior, while 
not too pronounced, is probably due to the change in 
chemical environment caused by the differences in 
ionic strength. 

It should be noted that Timasheff and Townend 
(36,371 found that the BG” for the self-association of 
PA at low temperature, 4-S-C and in the pH range 
of 4-5, was independent of changes in ionic strength 
of the supporting electroIyte for ionic strengths be- 
tween 0.01-0.30. In 0.1 ionic strength acetate buffer 
at pH 4.65, @A shows a temperature-dependent self- 
association, the association being strongest at 10°C 
and weakest at 30°C. The @-lactoglobulin C CpC) war- 
iant on the other hand shows no temperature depen- 
dence of the self-association over the same tempera- 
ture range. In fact changing the ionic strength from 
0.1 to 0.2 had no effect on the self-association. All 
of the data could be put on the same plot of M, Jhf,va 
versus J and seemed to be best described as a very 
strong monomer-dimer association [42]_ The work of 
Timasheff and Townend 13%411, the chemical modi- 
fication studies of Armstrong and hIcKenzie 1431, 
and the sedimentation equilibrium studies of Sarquis 
and Adams 1421, suggest quite strongly that the as- 
partic acid residue at sequence position 64 is necessary 
for the anomalous association (association beyond 
dimer) of /$A between pH 3.5 and 5.1,. Both PC and 
BD. which have a glycine residue at sequence position 
54, do not show anomalous self-association in this 
region. 

Earlier light scattering studies by Timasheff and 
Townend [39] suggested that PA undergoes a dimer- 
octamer association in the pH range 3 -7 -5Z. HOW- 
ever, later light scattering studies by Kumosinski and 
Tiasheff [40] suggested that these data were better 
interpreted as a progressive octamerization (they re- 



ferred to it as a progressive tetramerization, since 
their monomer was the dimer, i.e., the 36 844 
da&on molecular weight unit) of the form dimer- 
tetramer-hexamer-octamer. They assumed that 
the association constants were equal, and they in- 
voked a steric factor of 1 f4 for the last association 
constant. The sedimentation equilibrium studies of 
Adams and Lewis [4], the studies reported here, as 
well as the studies reported by Tang 1261 clearly 
indicate that at pH 4.7 the monomeric unit is the 
I8 422 datton unit. This has been confirmed by 
sedimentation equilibrium experiments at low concen- 
trations using a photoelectric scanner_ It should be 
noted that Timasheff and Townend 1371 report that 
no association has been detected in the /I-lactoglobulin 
C and D variants in the pH region between 3.8 and 5.1~ 
whereas Sarquis and Adams [42] observed a very 
strong monomer-dimer self-association for pC at 
pH 4.65. The self-association to dimer was so strong 
that it was only detected with the aid of an ultra- 
centrifuge equipped with a photoeldctric scanner. Dis- 
crepancies between light scattering and sedimentation 
equilibrium experiment results have been observed 
with the seIf_association of insulin [21,44-46] _ Here 
one encounters another strong self-association in the 
low concentration region. On the other hand sedimen- 
tation equilibrium [27,47,48] and light scattering [49] 
studies with @A and /3B between pH 2-3, where not as 
strong a monomer-dimer association exists, gave 
reasonable agreement with each other. Thus it appears, 
when one is dealing with a strong self-association, the 
sedimentation equiIibrium experiment may be a more 
sensitive, experimental method for these studies than 
is the light scattering experiment. 

Although the Adams and Lewis [4] data strongly 
suggest the presence of a Type I indefinite seIf-associa- 
tion, and the data presented here strongly support a 
Type III indefinite self-association, the real situation 
may only involve a limited number of associating 
species. The precision and accuracy of the experiment 
is limited by the experimental equipment currently 
available, and this fcrces one to use simpler models. 
We would need a much h&her degree of precision 
(which would have its attendant problems) to really 
resolve the situation. 

Although we have used B-splines to smooth the 
data, and then used methods involving relations be- 
tween Mwa. M,, and In f, for the subsequent analysis 

of self-associations, one could also use nonlinear Ieast 
squares [SO] on the primary datz, i-e., M= and E, for 
the analysis of the self-association. Professor P-W. 
Smith @ersonal communication), of the Mathematics 
Department at Texas A&M University, has told us that 
nonlinear least squares may be the best method for 
analyzing self-associations, but it also may be com- 
putationally very expensive, particularly if one has to 
check several models for the observed self-association. 
One must use the appropriate equation for Mwa for 
each model tested and do the nonlinear least squares 
smoothing each time for each modeI. Our procedures 
may be computationally less expensive, since the ex- 
perimental data, M,_versus C or Ml/M, versus C, 
is smoothed only one time using Bsplines, which is 
a least squares method. Another advantage of our 
procedure is that it can be more readily used by others 
who have less sophisticated computational facilities or 
less mathematical expertise in this area. 
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Appendix 

A. Derivation of eq. (26) 

For the Type II &defmite self-association one notes 
that 

and 

WI 



L.-I?. Tang et crl/Ana!ysis of variaus indefitrite self-associations 137 

CM 4kCl(l f Gc:) 
wc_l=_- 
c,% 

=4x(1 +x2) 

(1 - k2C$)3 (1 -x2)3 - 
WI 

Here x = kC, . These equations can be combined to give 

R _~lIClMnc- l 1--x2 
1‘ c/c, - 1 =- 2 

and 

R2= 
GM,Jwfl - I= 2(f +x2) 

c/c, - 1 l-*2 

(A41 

Eqs. (A4) and (AS) can be combined to yield 

R,R, +2R, -2=O WI 

This can also be written as 

(CIMUJC~~~ - 1XC+Q/C&n,- 1) 

e/q - II2 
c 2(C3Wi-%, - 1) 

c/c, - 1 
-2=o (A7) 

Now do th;folIowing steps: I ) multiply eq. (A7) by 
(C/C% - 1) ; 2) then multipIy the;esulting equation 
by C, : and 3) finally, divide by C- to obtain 

(+fJ(&i) +2& -fi) 

x (1 -f1) - 2(1 -Q = 0. 

JZq_ (A8) can be rearranged to give 

The solution to this quadratic equation in fl is given 
by eq. (25). 

B- Derivation of eq. (39). 

For the Type III indefinite self-association the 
analogs of eqs. (Al)-(A3) are 

C 
-__1= 

kl2Cl(2 - W) ,y(2 -x) 

Cl (I -kCr)2 (1 -x)2 

CM1 kI2Cl Y -_le~~=--_ 

vf-c l-kc1 1-x 

and 

W) 

cM,c --11 
k,,C,@ - 3kCt f k2C:) 

C;iW (1 -kC# 

=y(4 - 3x +x2) 

(1 -x)3 
(83) 

Here y = kl,Cl and x = kCI. These equations can be 
combined to give 

R3 = 
c/q - 1 

GM&M,, - 1 
-l--x 

2 --x 

and 

c/c* - 1 2+3x+x* 
R4=CSf.&lMI - 1=4-33x+x2. 

W) 

(W 

From eq. (BS) one notes that 

l-2R3 

x=1-_ (B7) 

Insertion of eq. (B7) into eq. (B6) yields after rearrange- 
ment 

2% - 3R3R4 f 2R;R2 - R3 = 0 WI 

After substituting eqs. (BS) and 036) into eq. (B8) and 
doing various algebraic manipulations one obtains eq. 
(39) forf1. 

C Type IV tizdefitzite selfussociation 

For the Type IV indefinite self-association, the 
anaIogs of eqs. (Al)-(A3) are 

C-1, xc1 2x 2x 

Cl (1 - k,,kC:)* = (1 - xy)* = (1 - Z2)*;cl) 

*fl --11 kCI =_= x x 

w4Ic (1 - k,,kC:) 1-w 1-z* 
(W 

and 

OM,, _ 1 = 4kC1(1 f W&) = 4x(1 Cxy) 

=1-w (1 - kl&)3 (1 -XY)’ 

= 4x(1 f 22) 

(1 - z2)3 ’ 

Thus 
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which is formally identical with eq. (A4), and the cor- 
responding equation for R, wou!d be formally identi- 
cal to eq. (AS). Hence eq. (25) also is the equation for 
fi for this self-association. To distinguish between 
Types II and IV, one would have to see whether one 
or two equilibrium constants are needed to describe 
eqs. (Cl)--(C3), since these are the analogs of eqs. 
(AI j(A3) for a type IV association. If the association 
is Type II, then one has CI from eq. (25), and one can 
use CI to evaluate x2 and x from eqs. (A4) or (AS). 
These values of C, and x can be used in various values 
of eqs. (Al)-(C3) to see if they sa:isfy these equa- 
tions. If these equations are satisfied within reasonable 
error limits, then a Type II association is present, and 
this should be confirmed by the use of eq. (23), 
since one can evaluate x = kc1 directly from eq. (23) 
for a Type II association. If these criteria are not met 
and a pIot of x versus C,, using x values obtained 
from eq, (23), is curved instead of being a straight line 
going through or close to the origin, then a Type IV 
association may be present. 
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